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and SébastienClerc

DRN/DMT/SERMA
CEA Saclay

91191Gif-sur-Yvette,France
samuel.kokh@cea.frallaire@ann.jussieu.frsebastien.clerc@cea.fr

KEY WORDS

Level setmethod,two-phaseflow.

ABSTRACT

Theaccuratepredictionof theso-calledDeparturefrom NucleateBoiling is a cru-
cial point in the safetyanalysisof nuclearreactorcores.Nowadays,theDNB evaluation
is basedon experimentalcorrelationsusingnumericalresultsof averagedtwo-phaseflow
models.A naturalgoal is thereforeto replacethis roughprocedureby a directnumerical
simulationof theboiling crisis.Thephysicalmodelnow involvesthemotionof two phases
separatedby an interfaceandthe main difficulty is to simulatethis interface. Although
therearemany unresolvedissuesconcerningthemodellingof theentireboiling crisisphe-
nomenon(suchastriple points,nucleation,etc.),wefocusmerelyonthenumericalaspects
of solving its hydrodynamics.Our goal is to devisea numericalalgorithmfor computing
themotionof two compressiblephasesseparatedby aninterface(with surfacetensionef-
fects)throughwhichmass,momentum,andenergy exchangesoccur. It isbasedonthelevel
setmethodintroducedby OsherandSethian(1988)which views theinterfaceasthezero
level setof a so-called“level setfunction”. Contraryto othermethods,e.g. front tracking,
thepoint is notto follow preciselytheinterfacebut ratherto “capture”it onafixedEulerian
mesh.The level setfunction is evolvedby a new equationof Hamilton-Jacobitype. The
main advantagesof this methodare its ability to dealwith complex interfacetopologies
andits versatilityevenfor three-dimensionalcomputations.

1 Intr oduction

With theevolutionof computerpowernew challengesemergein thenumericalsimulation
of two-phaseflowswith applicationsto thesafetyanalysisof nuclearreactors.Nowadays,
almostall computercodesin this areaarebasedon averagedmodelsof two-phaseflows.
Thesemodelsdeliver satisfactorymacroscopicresultsbut areunableto predictfine mi-
croscopicphenomenathat still may bepertinentfor safetyanalysis.This is thecase,for
example,for thepredictionof theonsetof theboiling crisisin a thereactorcore.Industrial
computercodesuseinsteadexperimentalcorrelationsto checkthatnominaloperatingcon-
ditionsstayaway, with a safemargin, from thedepartureof nucleateboiling. Thesteady
progressin computerspeednow allows to overcometheseaveragedmodelizationsandto
proposeadirectsimulationof thetwo phasesseparatedby aninterface.Many recentworks�
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have focusedon thecomputationof suchmicroscopicmultifluid flows,usingdifferentnu-
mericalmethodssuchasvolumeof fluid (VOF), front-tracking,second-gradient,or level
set,seee.g. Chang(1996),Jamet(1998),Juric(1998),Zaleski(1994),Mulder (1992),Ab-
grall (1998),Smereka(1994),Tryggvason(1994).Ourwork pertainsto thelattercategory,
namelylevel setmethods,which have beenintroducedby OsherandSethianin (Osher,
1988).

Theultimategoalof our work is thenumericalsimulationof theboiling crisis,but
we hastento saythatit is a long-termmultidisciplinaryprogramandthatour contribution
reducesto thedesignandtestingof robustnumericalmethods.In a first step,we simplify
the problemto focusonly on algorithmicissuesfor the hydrodynamicsimulationof the
two phases.Our mainsimplificationsare: no triple points(i.e.the interfacenever touches
theboundary),nonucleationprocess(i.e.we treatfilm boiling or bubblegrowth),no phase
changes(i.e.we considertwo immisciblefluids ratherthantwo phasesof thesamefluid).
The latter restrictionwill soonbe removed by introducinga supplementaryconditionat
the interface,a so-calledkinetic relation,seee.g. Truskinowsky (1991)thatallows to de-
terminetheamountof phasechange.In sucha restrictedsettingour purposeis to propose
a numericalmethodfor computingthe flow of two compressiblefluids separatedby an
interface. It is a purely eulerianmethodthat capturesthe interfaceon a fixed meshand
takesinto accountsurfacetensioneffects. It is basedon the level setalgorithmof Osher
andSethian(1988)andon a modelizationof isothermalmixtureof perfectfluids, seee.g.
Abgrall (1996).

The level let methodhasalreadybeenimplementedwidely in thecasesof incom-
pressiblefluids andhasproved its ability to describeaccuratelythe interface. However,
for diphasicflows, compressibilitycannotbe neglectedandit mustbeadequatelyimple-
mented. On the otherhand,VOF methodsare very simpleandefficient for computing
compressibleflows. However, their major drawbackis that thecomputedinterfaceis not
accuratelylocalizedandspreadsover a region wherethe volumefractionstakeinterme-
diatevalues. In somesense,our methodtries to combinethe numericalschemesissued
from VOF methodsfor their ability to simply describethe flow andthe level setmethod
for its capacityto localizeaccuratelythe interface. Our numericalexamplesareall two-
dimensional,but thereis no theoreticalor practicaldifficulty to extendour methodto the
three-dimensionalsetting(an essentialfeatureof VOF or level setmethodscomparedto
front-tracking).

2 Modelling of the two-phaseflow

As alreadysaid we considerthe motion of the two compressiblefluids separatedby an
interfacewith anEulerianmethod.Therefore,we discretizetheequationsof motionon a
fixedmesh,andtheinterfacewill becaptured,ratherthantracked,on this Eulerianmesh.
As for any front-capturingmethod,our numericalmethodhasa tendency to diffusethe
interface.In otherwords,insteadof computingasharpinterface,weobtainasmalllayerof
cellsaroundthetrueinterfacein which wehave amixtureof bothfluids. Thewidth of this
transitionlayer will be controledby the level setmethodwhich actsasan anti-diffusion
process.Althoughthis transitionlayerhasnospecialphysicalmeaning,we have to model
it in orderto globally computethehydrodynamicsof the two fluids in thewholedomain.
The purposeof this sectionis to presentour choiceof modelfor the two-phasemixture.
It is basedon ideasborrowedfrom isothermalmixing of perfectgases,seee.g. (Abgrall,
1996).
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Let usdenoteby ��� , ��� � , �	� � , with 
�����	� respectively thedensity, specificheatat
constantvolumeandpressureof the 
���� fluid. If we note � � , its temperature,� � , its partial
pressureand � � , its specificinternalenergy, wehave� � � � ��� � � � � � ��� � � � ���
During thecomputation,therewill be cellscontainingbothfluids, andwe needto define
a new equationof statefor this mixture if we want to treatit asa singleequivalentfluid.
This is a purelynumericalartefactandwe emphasizethatit hasno realphysicalmeaning.
We makethe assumptionof a thermalequilibrum, i.e.in the areawhereboth speciesare
present,they sharethe sametemperature� . Furthermore,we alsomakethe assumption
thatthepressureis givenby Dalton’s law.

Let � � ���! "�$# bethedensityof themixtureand � � � � ��% � themassfractionof the
 ��� gas.If wenote � , and� , respectively thespecificinternalenergy andthepressureof the
mixture,altogetherourassumptionsimply� �&�(' � � � � � � �)�(' � � �*� (1)

Introducingthermodynamicparametersfor themixture�+� � � � ��� �  � # ��� # � (2)�	� � � � �	� �  � # �	� # � (3), � � � �+� �  � # ��� #� � �	� �  � # �	� # � (4)

thosevaluesallow usto rewrite (1) as�&���	�-��� �.�0/ ,)1 32 � � � (5)

Therefore,the mixture stateequationis similar to thatof a perfectgas,exceptthat the ,
parameterdependson the massfractions. This mixing processcanbe appliedto wider
classesof gas,e.g. stiffenedgas(Abgrall, 1998).For realgas,onecanuseanequivalent-,
for the mixture. Moreover, thereareotherpossiblemixing laws which could help us to
definea stateequationfor themixture. In any case,thepurposeof our modelizationis to
view the mixture zone(aswell asthe entiredomain)asoccupiedby a singleequivalent
fluid.

Theothernotationsin this articlearethespecifictotal energy of themixture, 45��  /76 #  98 # 2 % � , andthe fluid mixture velocity :6 of components/76;� 8 2 . For the sakeof
simplicity, we alsodefinetwo parameters< � ,)1  and =>� < � (6)

Neglectingfor themomentall diffusive effectsandsourceterms,theequationsof motion
for theequivalentfluid arethemass,momentum,andenergy conservationlaws,whichread
in 2 dimensionsas ?A@?CB  ?AD / @ 2?FE  ?AG / @ 2?IH ��J (7)
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with

@
thevectorof conservativevariablesand

D / @ 2	� G / @ 2 thefluxes@ � KLLM � �� #� 6�$8� 4
NPOOQ � D / @ 2R� KLLM � � 6� # 6� 6 #  �� 6 8/ � 4  �S2T6

NPOOQ � G / @ 2U� KLLM � � 8� # 8� 6 8�$8 #  �/ � 4  �S2 8
NPOOQ � (8)

Thisformulationallowsus,throughdiscretizationto writeaconservativenumericalscheme
thatwill bedescribedin thenext section.

3 Numerical method

3.1 DiscretizedSystem

For thesakeof simplicity, we restrictour presentationto theonedimensionalcase.Thus
we havenow insteadof (7) thefollowing system?A@?SB  ?;D / @ 2?IE �VJ (9)

with @ � KLM ����$#� 6� 4
N OQ � D / @ 2U� KLM � � 6� # 6� 6 #  �/ � 4  �S2T6

N OQ � (10)

Thissystemis discretizedin thefollowing way@XWPY �� � @XW� 1[Z BZ E]\_^ W� Y �7`*# 1 ^ W�ba ��`*#�c (11)

where
^ W� Y ��`*# is the numericalflux at time

B W
, at the interface /7
   % �d2 which separates

thecell 
 andthecell /�
  32 . In thepresentwork we adopttheRoescheme(Roe,1981),
(Abgrall, 1996) to solve the system. Thus the numericalflow

^ W� Y ��`*# is now expressed^ / @ W� � @ W� Y � 2 where,considering2 states

@fe
and

@fg
, we have^ / @fe � @hg 2U� �ji D / @fe 2  D / @fg 2 1(kml / @fe � @fg 2 k / @fg 1 @fe 27n (12)D

is givenby (10), and l is a matrix calledRoeMatrix which dependson the states

@he
and

@fg
, whichexpressionwill bediscussedstraightafter.

Let usrecall thatgiven o bea diagonalisable/qpr�sp"2 -matrix, given /qt � 2 �_u �*v w and/P:� � 2 �xu �*v w respectively thesetof its realeigenvaluesandeigenvectors,we denoteby y the
matrix which the 
 ��� column is constitutedof the coordinatesof /P:� � 2 �_u �*v w , and k zjk the
diagonalmatrix which the 
 ��� diagonalelementis k t �{k . Then k o k is definedby k o k �y k z&k y a � .
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3.2 RoeMatrix

Accordingto (Roe,1981) l / @fe � @hg 2U� d

D / @ � 2
where

D
is given by (10), d

D
standsfor its Jacobian,and

@ �
is some“averagestate”

dependingon

@fe
and

@fg
whichmustverifyD / @hg 2 1 D / @he 2U� d

D / @ � 2+/ @fg 1 @fe 2 �
Let usfirst write theJacobianof

D
, with thefollowing notations|f� �~} ? �? ���*����� v �7� � � � � |h�$ ]< 6 #� � (13)

We have

d

D / @ 2U� KLM 6;/{ 1 � � 2 1 6C� � � � J1 6C� # 6;/� 1 � # 2 � # J/�� � 1 6 # 2 /�� # 1 6 # 2 /�� 1]< 2*6 </�� � 1]� 2T6 /�� # 1�� 2T6 / �51]< 6 # 2�/�  �< 2*6
N OQ (14)

Concerningthe“averagestate”

@ �
, asin (Roe,1981)we introducethefollowing notation� ��� � e � e  � � g � g� � e  � � g

It hasbeencheckedin (Abgrall, 1996)that the following valuesdefinea suitableaverage
state

@ � ����������� ����������
� �� � � �6 � � 6� � � �< � � ' � � � �	� ��<��' � � � ��� �| �� � ��� � / <��C1]< � 2 �

Thechoiceof thestate

@ �
is not unique,andcanevenbechosedby averagingmorethan

2 states,which could be useful for � -pointsnumericalschemes,���[� . A drawbackof
this numericalschemeis that it generatessomeoscillationsin pressurenearthe contact
discontinuities.In thenext sectionwe will exposea methodproposedby (Abgrall, 1996)
to avoid this oscillationeffect.

3.3 Pressureat contactdiscontinuities

Themain ideain orderto limit pressureoscillationsat the interfaceis to find a modified
numericalwhichpreservescontactdiscontinuities.It meansthatif at time

B W
, thereis areal

contactdiscontinuitybetweentwo state

@ We
and

@ Wg
, i.e. � We ��� Wg and 6 We �[6 Wg , thenat

(5)



time

B W�Y � we still have a contactdiscontinuitybetween

@XW�Y �e
and

@XWPY �g
: � WPY �e ��� W�Y �g and6 WPY �e ��6 W�Y �g .

Recallingournotation(6), (Abgrall, 1996)hasshown thattheparameter, mustbe
discretizedthroughthefollowing relation= W�Y �� ��= W� 1 Z B� Z E�� 6 W�!� = W� Y � 1 = W�ba �*� 1(k 6 W� k � = W� Y � 1 = W�ba �*��� (15)

Indeedthisequationis thediscretizationof theadvectionequationthat = mustverify? =?SB  :65� 1�1���� 	¡�¢ =���J (16)

Takinginto accountthis relation,we cannow sketchourwholenumericalscheme

1. computethe intermediatestate /;£@ 2 W�Y � � / £� W�Y �� � £� W�Y �# �¥¤/ � 6I2 WPY � ��¤/ � 432 W�Y � 2 , £� WPY � �£� W�Y ��  £� WPY �# usingtheRoe-basedscheme(11) (12);

2. compute/7=¦2 W�Y � with thetransportequation(15);

3. computetheconcentration� W�Y �� from (4), using: � W�Y �� ��� W�Y �� £� WPY � ,
4. computethefinal state

@ W�Y �
, using:� W�Y �� �9� W�Y �� £� WPY � � / � 6I2 W�Y � � ¤/ � 6I2 W�Y � � / � 4§2 WPY � � ¤/ � 4§2 WPY � �

3.4 Level setmethod

Sofar, ournumericalschemedescribestheinterfacëf/ B 2 asa thick zoneasdoestheVOF
method.In orderto accuratelylocalizetheinterfacewe implementanextra stepusingthe
level setmethod.Themainidea(Sethian,1988)is to introducea function ©ª/ E � B 2 suchthat
its zerolevel setis preciselythe interface,i.e.©ª/ E � B 2«�¬J")® E]¯ ¨f/ B 2 . Dif ferentiating
this equationandextendingit to thewholedomainyieldsa simpletransportequationfor
thelevel setfunction © �� � ©ª/ E �	J�2R��J&)® E"¯ ¨f/�Jd2? ©?SB  :65� 1P1P��� 	¡¦¢ ©°��J ± B ��J (17)

Given ¨f/�Jd2 , the interfaceat

B �~J , a commonchoicefor the initialization ©²/��b�+Jd2 of the
level setfunctionis thesigneddistanceto theinterface,i.e.©ª/7J$� E 2U�¬³  d/ E �s¨f/�Jd2�2 if

E
is in fluid 21 d / E �s¨f/7J�2�2 if

E
is in fluid 1 (18)

Unfortunately, throughoutthe motion, © is numericallyupdatedby (17), andit doesnot
stay the signeddistancefunction to the interface ¨f/ B 2 . Becauseof numericaldiffusion,

(6)



theslopeof © hasa tendency to flatten,andthe localizationof its zerolevel setbecomes
increasinglyunstable.An efficientremedyis to frequentlyre-initialize © withoutchanging
its zerolevel set, i.e.to straightenout its front without moving the interface.This canbe
done(Smereka,1994)without knowing explicitly thepositionof the interface,simply by
solvingthefollowing Hamilton-Jacobiequation�� � ?I´?Iµ / E � µ 2U� sign/ ´h¶ 2+/� 1(k 1�1���� 	¡�¢ ´ k 2 ± µ �9J´ / E �	J�2R� ´h¶ / E 2R��©²/ E � B*¶ 2 (19)

which is known, as

µ
goesto infinity, to admita steadystatesolutionwhich is againthe

signeddistancefunctionto thezero-level setof theinitial condition ©ª/ E � B*¶ 2 (recallthatthe
distancefunctiond / E �-¨;2 satisfiesk 1P1P��¦ +¡¦¢ / d 2	/ E 2 k �� ). Here

µ
canbeseenasan“evolution

variable” which hasnothingto do with the time variable

B
. Thus,solving (19) is just a

convenientanti-diffusionprocedurefor the level set function which doesnot changethe
interfaceposition.

Remarkthatbothequations(16) and(17) arethesametransportequationfor =.�/ ,·1 §2 a � and © respectively. Thesetwo variablesarenot independentsince,introducing
the Heavyside function ¸ (which is 0 on negative valuesand1 on positive ones),they
satisfy =�/ E � B 2U�¹/7= # 1 = � 2{¸º/7©²/ E � B 2�2  = � � (20)

Theideais thereforeto still solveequation(16)- andnot(17)- andto addtheanti-diffusion
equation(19). SincetheHeavysidefunction ¸ is not continuous,we approximateit by a
smoothfunction »¸ suchas »¸º/7¼½2¾��/�  ¼�/�¼ #  32 a ��`*# 2 % � . It allows to recover from the
valuesof = a function © which is the initial conditionof (19), and its steadystateis in
turn translatedinto a new sharpfunction = . This processis madeevery � time steps,the
smaller � thefastertheconvergencein (19) (usuallywe take �¿�� ). Remarkthat it does
notrequiretheexplicit knowledgeof theinterfacelocalizationandis thereforenot tootime
consuming.

3.5 SecondOrder Extension

A convenientway to gainsecondorderaccuracy in space,consistsin applyinga MUSCL
methodto our presentschemeon the classicalequationsof motion (9) and(10). Then,
by applyingthe samelines asin section3.3 we will find the order-two equivalentof the
discretizedadvectionequationfor = . For detailson the MUSCL methodwe refer e.g. to
(Godlewski, 1996).

Let usstepbackto (12). In eachcell theconservativevariablesarenow discretized
aspiecewiseaffine, andnot merelyconstant.Givena cell face 
   % � betweenthecell 

andthecell 
   , wesimply introducenew expressionsfor theright andleft states,

@ Y� Y ��`*#
and

@ a� Y �7`*# respectively, insteadof thepreviousconstantstate

@ � Y � and

@ � . To preserve the
seond-orderschemefrom spuriousoscillations,a minmodslopelimiter is used.It leadsto

(7)



thefollowing expressions@ Y� Y ��`*# � @ � Y � 1 À � Z � Y½Á `*# @  Z � Y ��`q# @ � (21)@ a� Y ��`*# � @ �� À � Z �ba ��`*# @  Z � Y ��`*# @ � (22)

with thenotationZ � Y ��`*# @ � @ � Y �R1 @ � andZ � Y ��`q# @ � minmod/ Z � Y ��`q# @ � Z ��a ��`q# @ 2	� (23)Z � Y ��`q# @ � minmod/ Z � Y ��`q# @ � Z � Y½Á `q# @ 2 � (24)

This yields thesecondorderimplementationof (11). To get rid of presssureoscillations,
we againneedto find a suitableadvectionequationfor the variable =Â��/ ,Ã1 §2 a � . A
similar computationto that donein section(3.3) leadsto the secondorderequivalentof
(15) = WPY �� � = W� 1 Z B� Z E 6 W� i = Y� Y ��`*#  = a� Y �7`*# 1 = Y��a ��`q# 1 = a�ba ��`*# n Z B� Z E k 6 W� k i = Y� Y ��`q# 1 = a� Y ��`*# 1 = Y�ba �7`*#  = a�ba ��`*# n (25)

3.6 Extensionto 2d

Theextensionto two-dimensionalproblemsis reallystraightforwardif cartesianstructured
meshesareused.Thenotationsof thisparagraphreferto thoseof (7) and(8). Thegeneral-
izationof (11) is obtainedby discretizingseparatelyin

E
and

H
, i.e.alongthedirectionsof

thegrid. It yields@XW�Y �� v Ä � @XW� v Ä 1[Z BZ E \ ^ W� Y ��`*#�v Ä 1 ^ W�ba ��`*#�v Ä c 1ÅZ BZ H \ÇÆ W� v Ä Y ��`*# 1 Æ W� v Ä a ��`*# c (26)

wherê

W� Y ��`*#�v Ä is thenumericalflux at time

B W
, at theinterface/�
   % �$�7È�2 whichseparates

the cell /7
���È¥2 and the cell /7
  ��7È�2 , and
Æ W� v Ä Y �7`*# is the numericalflux at time

B W
, at the

interface/7
��7È   % �d2 whichseparatesthecell /7
���È¥2 andthecell /�
��7È  §2 .
As before,we have

^ W� Y ��`*#+v Ä � ^ / @ W� v Ä � @ W� Y �*v Ä 2 , with
^ / @fe � @fg 2 definedasin section

3.1.A similardefinitionis setfor
Æ

usingtheflux

G
(asdefinedin (8) andits corresponding

Roematrix É . Thuswehave
Æ W� v Ä Y ��`q# � Æ / @ W� v Ä � @ W� v Ä Y � 2 , using

Æ / @fe � @fg 2 definedbyÆ / @fe � @fg 2U� ��i G / @he 2  G / @fg 2 1(k ÉÊ/ @fe � @fg 2 k / @fg 1 @fe 27n � (27)

(8)
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Fig. 1: surfacetension.

4 Surfacetension

4.1 Continuum surfacetensionmodel

The surfacetensionis a macroscopiceffect of a localizedmicroscopicforce that actson
fluid elementsat theinterface.Althoughtheinterfaceisnotmaterial,it givesit someelastic
properties.As in (Brackbill, 1992),we expressthesurfacetensionasa surfaceforceper
unit of arealocalizedat theinterface,with thefollowing form:D / E�¶ 2Ë�9ÌSÍU/ E�¶ 2�:Î / E�¶ 2
whereÌ standsfor thefluid surfacetensioncoefficient(in unitsof forceperunit length),

E ¶
is a pointon theinterface, :Î / E ¶ 2 is theunit normalto theinterfaceat thepoint

E ¶
directed

from fluid 1 to fluid 2, ÍÏ/ E 2 is thelocal curvatureat

E ¶
, which is positive whenthecenter

of curvatureis in fluid 2.

In our numericalschemetheinterfaceis artificially spreadout by numericaldiffu-
sion.We thusapproximatethis surfaceforceby a volumeforcewhich tendsto thesurface
force :D asthethicknessof the interfacetendsto J . In otherwords,thesurfacetensionis
seenasa continuousbody forceacrossthe interface.Let � denotesthe resolutionof the
grid, = � bethepiecewiseconstantapproximationof =Ð�ÑbÒ�	Ó ¶ 1P1P��� 	¡¦¢ = � / E 2R�Å:Î / E 2 � = �ÕÔsÖ / E 2
where � = � �×= # 1 = � , and Ô Ö is theDirac distribution localizedon theinterfacë between
bothfluids.

Let z bea portionof theinterface,and Ø � a volumewhich includesz . We assume
thatits edgesarenormalto z andthatit hasaconstantthicknessÙ � ��J (cf. figure1). The
resultantof thesurfacetensionforcesactingon z isÚ �(Û$Ü :D / E 2 dÝ��(Û!Þsß :D Ô Ö / E 2 dà.�áÛ$Þsß;ÌSÍÏ/ E 2 Î / E 2 Ô Ö / E 2 dà

(9)



We definethevolumeforce :D � by:D � / E 2â��ÌSÍU/ E 2 � = � 1P1P��¦ +¡¦¢ =�/ E 2
If Ù � is chosenin sucha waythat �ºã Ù � ã o � , with a givenpositive constanto ��J , we
obtain Ð�ÑbÒ�	Ó ¶ Û�Þ-ß :D � / E 2 dà)��Û½Ü :D / E 2 d Ý�� Ú �
Therefore,thevolumeforce :D � hasthedesiredpropertythat,in thelimit of zero-thickness
of theinterface,its resultantin Ø � is exactly

Ú
, when �ä� J .

4.2 Discretization of the surfacetension

We haveto find anapproximatevalueof :D � in eachcell /7
���È¥2 of thedomain.Recallthat:D � / E 2R�VÌSÍU/ E 2 � = � 1P1P��¦ 	¡�¢ = (28)

Defining :å �æ/ å)ç � å.è 2Ê� 1P1P��¦ +¡¦¢ = , the outwardunit normal to the interfaceis :Î � éêë éê ë .
Sincethecurvatureis Í°� 1 ¢ Ñ�ì /3:Î 2 , it satisfiesÍÃ� k :å�kUí } :åk :å°k � 1P1P��¦ +¡¦¢ � k :å°k31 ¢ Ñbì /I:å 2�î � (29)

As in (Brackbill, 1992)we useanALE-like schemeto discretize(28) and(29) andobtain
the desireddiscretevalues / :D � 2 � v Ä in eachcell /7
���È¥2 . In the sequel,the subscript /7
��7È�2
denotesa valueat thecenterof thecell /�
��7È�2 , while /7
��7È   % �d2 or /7
   % �½��È¥2 standsfor a
valueat theinterfaceof cells,and /�
   % �½��È   % �d2 is avalueat avertex (cf. figure2).

Vertex-centerednormalvectorsarethusdefinedby:å)� Y ��`*#�v Ä Y ��`*# � � Z E � = � Y �*v Ä  = � Y �qv Ä Y � 1 = � v Ä 1 = � v Ä Y � � :4 ç � Z H � = � v Ä Y �R = � Y �*v Ä Y �â1 = � v ÄÏ1 = � Y �*v Ä � :4 è (30)

andcell-centerednormalvectorsareobtainedby averagingthevertex values:å.� v Ä � À /F:å � Y ��`*#+v Ä Y ��`*#  :å � Y ��`q#�v Ä a ��`*#  :å �ba ��`*#�v Ä Y ��`*#  :å �ba ��`*#+v Ä a ��`*# 2 �
ThecurvatureÍ � v Ä is obtainedfrom (29)by usingthefollowing discretizations/ ¢ Ñbì /I:å 2{2 � v Ä � } ? å)ç?FE � � v Ä  } ? å)è?IH � � v Ä� � Z Eï� å ç� Y �7`*#�v Ä Y ��`q#  ]å ç� Y ��`*#�v Ä a �7`*# 1]å ç�ba ��`*#�v Ä Y �7`*# 1]å ç��a ��`q#�v Ä a ��`*#q� � Z H � å è� Y ��`*#�v Ä Y ��`*#  �å è�ba ��`*#+v Ä Y ��`*# 1]å è� Y ��`*#+v Ä a ��`*# 1]å è�ba ��`*#�v Ä a �7`*# �
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5 Numerical results

5.1 Shocktube

Our first testcaseis a bifluid shocktube. Thecomputationis onedimensional,andat the
initial time the left part of the tubecontainshelium underhigh pressure,while the right
sideof thetubeis filled with air atatmosphericpressure(seetable1). Thisallowsusto see
how well theschemelimits pressureoscillationsat thecontactdiscontinuity. Remarkthat
theratiobetweenthetwo fluid densitiesis alreadylargerthan10(Abgrall, 1996).

Theshocktubeis  m long andthemeshusedherehas100cells. We presentboth
first orderschemeandsecondorder. Figures3 and4 show respectively thegraphof  % <
andpressureat time

B �0J � ��ð ms. Thefirst orderschemeresultis representedby theplain
line, asthesecondorderonecorrespondsto thedashedline.

We canthuscheckthat the oscillationshave beensuccessfullyremoved from the
pressure.TheMUSCL techniquecontributionhasallowedto sharpenall frontscompared
to thefirst ordercomputationwheretheinterfaceis rathersmeared.

(11)



Table1: Initial stateof theshocktube� u v p , ��� �	�ñ
kg.mò�óõô ñ

m.sòPö�ô ñ
m.sòPö�ô (Pa)

ñ
J.kgò�ö�÷ K òPö�ô ñ

J.kgòPö7÷ K ò�ö�ô
Left side(helium) 14.54903 0 0 �ø À·ù PJ¦ú 1.67 4041.4 2420

Rightside(air) 1.16355 0 0 �J ú 1.4 1024.8 732

0
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5.2 Shockin an helium bubble

Our secondtestcaseis a two-dimensionalsimulationof a shockhitting anheliumbubble
surroundedby air (for references,see(Abgrall, 1996),(Karni, 1994)). Theshocktravels
from the left to the right of the domainat a constantspeedbeforeit hits the bubble. In
front of theshock,theheliumbubbleandthesurroundingair arein equilibriumhaving the
samepressure(seetable2). Thedomainis a squareof side  m, andwe usearegularmesh
of �¦J�J ù ��J¦J cells. At time

B �ÅJ , the shockwave is locatedat

E �[J � ��ð m, the bubble
diameteris J � � m andits centersitsat / E � H 2þ��/�J � ð m �+J � ð m 2 . Thevalueusedfor thefluid
surfacetensioncoefficient Ì is here��ÿ ���  ù PJ a�� p � å a � .

Table 2: Initial stateof theshocktubewith theheliumbubble

location � u v p , �+� �	�ñ
kg.mò-ó ô ñ

m.sòPö ô ñ
m.sòPö ô (Pa)

ñ
J.kgòPö ÷ K òPö ô ñ

J.kgò�ö ÷ K òPö ô
air aftershock 1.3765 0.3948 0 1.57 1.4 1024.8 732

air beforeshock 1 0 0 1 1.4 1024.8 732

heliumbeforeshock 0.138 0 0 1 1.67 4041.4 2420

Thefinal time is

B �0J � ÿ¦ð s. Figure6 displaysthediscontinuityof the < parameter,
i.e.theshapeof thebubblealongwith somelevel-setlinesof thepressurein a small “win-
dow” which enclosesthe bubbleposition. Each“shot” correspondsto successive times
increasedby Z B ��J � J¦ÿ�ð s. At

B �¹�J¦ð mstheshockwave hasn’t reachthebubbleyet, then
at

B �× À J msthebackof thebubblebeginsto flattenandthebubblestepby steploosesits
circularshape.

Thefigure 5 displaysthe pressureat time

B �ÅJ � ÿ¦ð s. Although the shockis now
beyondthebubble,it remainsin thepostshockzoneacircularpressuregap.Thissingular-
ity correspondsto theheliumbubblewhich, after theshock,is not any longerin pressure
equilibriumwith thesurroundingair. Thepositionof theshockwave appearson figure5
asa vertical line. Notice that thanksto theMUSCL methodthefront of theshockwaves
remainssharp(see5).

Fig. 5: pressurevaluesat

B ��J � ÿ¦ð s
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Fig. 6: pressureand < level-setgraph

6 Conclusionand perspectives

We have developeda numericalschemefor computingthe motion of two compressible
fluids separatedby aninterface.Surfacetensioneffectsaretakeninto accountanda level
setmethodis usedto straightenout theinterface.Therearemany unresolvedissuesbefore
we cansimulateboiling crisis(our ultimategoal),but we shall focusmainly on numerical
ones.Thenext stepsin our work arethe introductionof phasechangeby usinga kinetic
relationat the interface,asdescribede.g. in (Truskinowsky, 1991),the treatmentof heat
sources,suchasaconductingwall, andfurthertestingof theschemerobustness(especially
in thecaseof ahigh ratioof thetwo phasesdensities).

(14)
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